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ANALYTICAL DESIGN FOR INTERNAL BURNING STAR GRAINS OF SOLID ROCKETS
Li Chang-tang

With regard to the design of internal burning star grains of
solid rocket engines, they have been frequently designed based on
pure geometrilical studles and their corresponding trial methods. The
formula and computation'curves shown in [1] are representative which
are widely used in engineering design and scientific studles both in
our country and abroad. Actual practice showed that the pure geometri-
cal formula and curves given in [1] are not only too complex, but also
incomplete.  The corresponding trial method not only involves a huge
computational load, but also is rather blind. It is very difficult
to ensure various technlcal objectives. Especially, it is extremely
difficult to reach the optimum design. In this paper, we will attempt
to use analytical design to replace trial design. Different from the
traditional pure geometrical studies, we combined the various geometri-
cal parameters of the internal star, the various characteristic para-
meters of the solved propellent and the technical objectives of the
engine to establish the grain design equation series according'to the
optimization principle of grain design. It was matched with simple
computational formulas and curves to quickly solve bﬁé equation series.
Compared to [1-3], not only the computational load is less, but also
the required technical objectives are assured. In addition, it
approaches the optimum design in improving the performance of the
engine so that significant savings in materials and ease of computer
calculation are realized.

° 1. Geometrical functional relationship of the internal star. As
shown in Figure 1, based on the Plobert combustion law, it is not diff-

icult to obtain the functional relations between the geometrical
parameters of internal star grains presented in Figure 1. To simplify
. the calculation, only functions k (Figure 2) and s, (the definitions
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. are shown in Figure 1), which are related

to the star corner number N and the half
angle of the star tip 60/2 are glven:
0,/2/
kh (2+N 2 “‘z) (1)
"
:  dne (2)
: s ™ IN! - -~ + 2xi() — &) + &f
~ sin:ﬁ' .

Therefore, the first stage combustion

X Figure 1. Dilagram of area Ab1 and the 1nitial gas passage area
5 design unit of the ' '

internal star Apol can be simplified into the two following
equations: '
Ay = LP[‘.+“I + 2x(y —-1)] (3)
Apu = sf + I'c + =fi — 0 5k(F + 1)) ()

where Lp is the length of the grain and other symbols are as presented
in Figure 1. The value of ¢ is given in the following equation:
“(l—l)a+‘\'sinc:;cosc-';--:\'sin'c :ggg.-q, (5)
. N N N T2
Based on analysis, we know that the angle 6/2 varies in a mono-
tonically increasing manner from the star side disappearing point
ye°/2 with combustion time in the region of [80/2, ew/2]. It 1is
called the dynamic angular variable. ew/z is the star tip half angle
when combustion stops. 6/2 has the following relation with y which
varies with time: '

o e —— e - -

? 1 BT |
) 2 G ' (6)

Using this dynamic angular variable 0/2, the function of the
second stage combustion area AbH and residual grain area A, are sim-
plified into the following forms:
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where the residual grain area star tip half angle ew/2 when combustion
stops 1s

t 4

iﬂl"‘v'

o T 11 - (9)

!!-m
2
From mathematical analysis, we know tbat‘Abll has a minimum Abmin
at 9/2 and its dimensionless form is (Figure 3 is the dimensionless
functional curve)

Inia ZN___‘I"-

Similarly it can be proven that Af has a minimum Afmin at

h-——.—’ 1 eo’ -”—,—.!:-L-l 18
2 2 N i .

' =20 (wg — N aine Zcose = ' (11)
Apmin = 2! (n 2N¢me~cueN) |

The existence of Abmin and Afmin is an important characteristic
of internal star grain cylinders.

The effective grain area Aeo without star tip angle, i.e., fl-o,
is very important to the establishment and solution of the design
equation. It 1s given by the following equation:

da= 2D} — m2f + 1) — 03k — 204 la — S| . =

sin (6,/2) | (12)
- al_ _Qg,
+m'a;—:'i-'¢;—N(W + ”"("z""'z'— dn == cos )

o

Therefore, when there are star tip angles, 1i.e., flﬂO, the effective
grain area Aeol is L ) ) -
i Ay = 0.5(2w — i (13)

The minimum radius R of tbe internal star at rl-o provides the
constraint relation botuaeu the star shaped geometrical parameters.

Purthermore, because it is always true that AR/ g , R, 15 a
T de S
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" decreasing function of the angular coefficlent e. Let Ro>0, then

the upper limilt of € which is en upper is:

N upper w ™ (ursin :. -...%) (14)

As long as e<e
£,#0).

N upper’ then Ro>0. Furthermore, Roi>0 too (when

2. The establishment of the grain design equation series

The known conditions are:

1) the technical objectives required by the englne: the total

impulse value Ir or In the required range, the thrust law Fmin'Fmax’ .
- - o

the working time tmin tmax’ the working temperature»Tmin Tmax C, the

external diameter of the englne D and other limitations.

2) the characteristics of the solid propellent: the specific
impulse Isp, the combustion speed r = ¢", the temperature coefficient
'ars the flow sensitivity coeff%cient limit Kkp’ the thrust coefficient
dl, the;chgracteristic speed C , the critical pressure Pkp’ and the
density p.

The design equation series obeys the grain design optimization
principle: to ensure the realization of the total impulse and thrust
requirements as well as the working tlme, to carry out stable and
normal combustion, to have a large effective grain coefficient Na and
a small residual grain coefficlent n,. Stress is concentrated in the
allowable range.

In order ta establish the design functions, we must carry out
the following transformation:

| Transform the total impuse It into the volume Ve of the affective
sraig~qnant1ty Gé '
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The thrusts are transformed into grain combustion areas

A P
Aomin = =L | -
et e"p(aP' -re

Armar ™ '—4£ ( E_
e‘p 6P* /+1e

where At is the critical area of the nozzle, 4, = Fuin/PainCrarc, With 'mie = Pup.

The working time of the engine is transformed into the combus-
tion arch thickness W which 1s calculated from it = rr orW = 2V,/(fsmin + Asm)
and also verified experimentally.

The grain cylinder diameter Df is D minus the thicknesses of the
shell, gap and packaging.

After W 1s determined, in order to make Af approach Af min’® the
star angle transition arc radius f is calculated according to the
reference value fo and the adjustment formula ag:

 fym 025D, - W (15)

- 2(f — o)
ST 0BD, = (1) (16)

Adjust £ to make Idfl small to the extent possible. -Simultaneous-
ly, under conditions allowable by grain stress, small f should be
ghosen in order to obtain better design performance.

Therefore, tbe design equation to ensure the engine total impulse
requirement 1s '

LA =sX2m—0fl =V, - (17)

The design function to ensure the lower limtt of thrust is
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"' 2N N v+a- ) | = Armin :
N inl NoIL, (18)
R 2 .
3ﬁ{ The initial pressure peak limit equation to ensure stable combustion
-.‘~: is

(g0 — 23_‘_’&)“ 1 I:!

Ay + 05022 = RDf; T Fep (19)

SNNERO
.‘ :‘ ]" N

Eliminate the grain cylinder length Lp and fl from the above

‘ series of equations and then substitute equations (1), (2), (8), (12)
into them. We can obtaln the equation related to the angular coeffi-
clent € as:

- ®
o lsine—
%t.,D} = w%upl8(D, — 1) = Nugpy(W + f¥ [meos N _ =
Ww+f 2
lens s lsine— e . e
s T Wy e +7 + Negyl'sine Ny~ RupV o Artia2nl(l — ¢)
{ ' ) .
RN ’ ~ = -y ~
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(20)
We can see that this equation simultaneously includes the re-
qulired technical objectives, the propellent characteristics and the
internal star geometrical parameters.

3. The solutlon of the design equation and the acquisition of
the grain geometrical parameters. Obviously, it 1s difficult to
directly solve for € from equation (20). For this purpose, let us
change € into two functional curves Yl and Y2.

Y] - ‘-',(‘E.D;'- .»f)‘_ ‘iv"')p Y] - L'[‘. -« ZA(I'— k) ] (21)
(4 . .

where
Am A,~(V./L,) | (22)

A is the necessary formula to Judge the solution. Only where
A20 there 1s a solution.
¢

For each positive integer N, there is an upper limit °N’upper/2
for the angle 90/2 wbich makes A=0 and f,=0. 8y upperfz is an increas-
ing function of N; therefore 6 /2 must be determined 'in the range of
(0, 0y uppe 1,/2) in combineeion with the initial thrust requirement.
N and e—/z are the variable parameters of equation (20). In order to
have Mtu" overall performance for the grains, N and 6§ /2 should be
choeen. to De sme' 1 (e.,c. Ne2.3,. e~°/2-10°). After N and 90/2 are

....................
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Figure 2. The k function curves used in calculation
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Figure 3. The curves of the smin/l function used in
-calculation .
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selected, use (Nleo/z) to check the k value in Figure 2, and then
calculate the functional curves Y1 and Y2 of €. For each chosen €,
use (N,e) to look up the S_, /1 value in Figure 3. Substitute into

the following equation to obtain Lp:

L, = Ainia.
.o (23)
Consequently, Ve/Lp can be obt;ihed.f §ﬁbstitute € and N, 60/2 and k
into equation (12) to get Aeo in order to obtain A. When A>0, from
equations (2) and (8), we can obtain s, and At' Furthermore, from
equation (21) we can get the functions Yl and Y correspohding to €.
Similarly, a seriles Y1 and Y2 functions of € are calculated. The
abscissa of the intersect point of the decreasing function Y1 and in-
creasing function Y2 of € gives the solution €5olution of equation (2OL
Therefore, the angular coefficient of the grain 1s obtained. The )
ordinate is the AbOl of the grain. From (N, Esolution)’ we can obtailn
Smin/l by checking Figure 3. Similarly, to the procedures described
before, the grain length L_, Ve/Lp, A

p
culated. Ve/Lp 1s the value of Ae

g

\ LA N 22 8 & v
B & ROEAOARLES " DR

eo? A, Af, Sq4s etc., can be cal=-
ol®

Use the following two gquations to calculate fl and ROl

AR it D
AL TR

2A
: A -
R._“E[ua(z—ap)+l+f|]—h (25)

When £, = 0, from equaiion (14) we know that, as long as e<ey uppd
then it 1is necessary to have R°>0. When fiio, as long as the equation
has a solqtion, R01>0 is valid. Furthermore, the smaller 60/2 is,
the larger Rol becomes.

Discussion on the solution: When varying € and A<O still exists,
i.e., the equation has no solution, it 1s necessary to choose a larger
* N and a smaller 60/2. It 1s also possible to vary Kkp and other known

parameters in the allowable range (Note: larger N means larger Ro s
larger 92/2 means smaller Al. When necessary, -we must adjust N and

90/2 simultaneously).

Up to this point, the engire geometrical parameters of internal
star gralins are sclved. PFinally, let us calculate the variation of
the combustion surface:

~ T s ~ - . . 3 . .~ ‘ . . . . - N . . . . o
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o, ¥9, /2] 1s the first stage of combustion lsine 5
" which 1s the linear stage, Yon™= - ) -
coe

In the interval [O,fl], we have

In the interval [fl, yeo/2], we bave
w=(5+ k)L, (27)

l,%;,uq" is the second stage of combustion which 1s the non-
linear combustion stage. Using the dynamic angular variable, 8/2, we
can quickly obtain the variation of Abll from equation (7).

Incidentally, F. A. Williams et al stated in [2] that "in the
second stage of combustion...the grains are the increasing type, 1l.e.,
Ab increases linearly according to y=rt". This is not accurate.

In the second stage, Abll is nonlinear; furthermore, when 60/2 < 8/2,
it decreases before 1t begins to 1increase.
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